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Abstract
We study the fixed points of the Berezin transform in polyanalytic
Fock spaces of C. We show that an Lp function, p ∈ [1,+∞], with
respect to the Lebesgue measure is invariant under this transformation
if and only if it is harmonic. From this we deduce that the only bounded
fixed points of the Berezin transform of polyanalytic Fock spaces are
constant functions.
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1 Introduction
The Berezin transform is a powerful tool in operator theory. Initiated by
Berezin [7] in connection with quantum mechanic, the study of such a trans-
formation provides a lot of information mainly in the field of Toeplitz, Hankel
and composition operators. The interested reader will find many applica-
tions in the context of the classical Bergman space of the unit disk A2(D)
in [15], and other in [16] for the classical Fock space F 2(C) setting.
Let us make precise the link between the Berezin transform of a bounded
function and Toeplitz operators. In both situations of H = A2(D) and
H = F 2(C), µ will denote the relevant measure, κz(w) the normalized re-
producing kernel for H, and P the orthogonal projection operator from
L2(dµ) onto H. Let 〈f, g〉 be the usual inner product of f, g ∈ L2(dµ).
∗
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The Berezin transform of a bounded measurable function f is given by the
formula
Bf(z) =
∫
f |κz|2dµ = 〈fκz, κz〉.
Because 〈fκz, κz〉 = 〈P (fκz), κz〉 when f is bounded, its Berezin transform
turns out to be intimately related to the densely defined Toeplitz operator
Tf : g ∈ H 7→ P (fg).
The characterization of functions invariant under the Berezin transform
first emerged in [5] from the problem of determining commuting Toeplitz
operators of the Bergman space with bounded harmonic symbols. In [10],
Engliˇs gave a general solution and we will follow his method in the present
paper. An other solution in the context of Bergman spaces is due to Ahern,
Flores and Rudin [2]. In the one dimentional case, the result is that as long
as the Berezin transform of a function f is well defined, f is invariant if and
only if it is harmonic.
For the classical Fock space F 2(C), a Lipschitz estimate for the Berezin
transform of a bounded function, together with a semigroup property, shows
that a bounded fixed point of the Berezin transform must be constant (see
[16] for details). Here, we are interested in providing a necessary and suf-
ficient condition for an Lp function with respect to the Lebesgue measure
to be invariant under the Berezin transform of polyanalytic Fock spaces of
C. We also give a generalization of the former result about bounded fixed
points in the new setting as a consequence of our main theorem.
Let us introduce polyanalytic functions as defined in [6]. For n ∈ N∗, a
function f is called n-analytic on C if it satisfies the condition
∂nf
∂zn
= 0
in the whole complex plane.
We consider the Gaussian probability measure
dµ(z) =
e−|z|
2
pi
dλ(z)
where λ is the Lebesgue area measure on C. For f and g, two square
integrable functions with respect to µ, 〈f, g〉 will denote the usual L2(C, dµ)
inner product. For n ∈ N∗, the n-analytic Fock space F 2n(C) is the closed
subspace in L2(C, dµ) consisting of all square integrable n-analytic functions.
The reproducing kernel of the Hilbert space F 2n(C) is given by
Kn(z,w) = L
1
n−1(|z − w|2)ezw (1)
for all z, w ∈ C (see [1] or [4] for instance) where Lβk is the generalized
Laguerre polynomials
Lβk(x) =
k∑
j=0
(
k + β
k − j
)
(−x)j
j!
. (2)
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For z ∈ C, we also introduce the normalized kernel function
knz : w ∈ C 7→
Kn(w, z)√
Kn(z, z)
.
The Berezin transform of f ∈ Lp(C, dλ) is defined on C by the formula
Bnf(z) = 〈fknz , knz 〉, z ∈ C.
Here is the main result.
Theorem 1 Let f ∈ Lp(C, dλ). Then Bnf = f if and only if f is harmonic
on C.
As a consequence we have the following corollary.
Corollary 2 Let f ∈ L∞(C). The following conditions are equivalent:
(i) Bnf = f ;
(ii) f is harmonic on C;
(iii) f is constant.
The equivalence of (ii) and (iii) directly follows from Liouville’s theorem.
For n = 1 this corollary is reduced to Proposition 3.27 in [16].
2 Some preparatory results
In this section we discuss some preliminaries on which our proof is based.
We begin by recalling the link connecting Laguerre polynomials and
Bessel functions. Let J0 the Bessel function of the first kind (see [13])
expressed by the integral representation on R :
J0(x) =
1
pi
∫ pi
0
cos(x cos θ)dθ.
Using this definition, it is quite immediate to check the next properties.
Property 3 The function J0 is even and satisfies J0(0) = 1 and |J0| < 1
on R∗.
The following well known proposition (see [14] p.103, Theorem 5.4) ex-
hibits the strong interaction between classical Laguerre polynomials and J0.
Proposition 4 For all k ∈ N
k!L0k(x)e
−x =
∫ +∞
0
e−ttkJ0(2
√
xt)dt. (3)
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Now, for a precise statement of our results, we introduce some classical
notations. As usual C is identified with R2. The space of infinitely differen-
tiable functions on a domain Ω in C is denoted by C∞(Ω), and its subspace
of compactly supported functions by D(Ω). For x = (x1, x2) ∈ R2, and
α = (α1, α2) ∈ N2 a multi-index, we set xα = xα11 xα22 . If j = 1, 2, we denote
by ∂j the partial derivative with respect to the jth real variable xj , and
by ∂α the differential written ∂α = ∂α11 ∂
α2
2 . As customary, S stands for
the Schwartz class of rapidly decreasing functions on R2 that is the set of
f ∈ C∞(R2) satisfying
sup
x∈R2
|xα∂βf(x)| < +∞
for all multi-indices α, β ∈ N2. We shall remind the reader that S is closed
under the convolution, and thus is an algebra. Define the Fourier transform
of f ∈ L1(C, dλ) by setting
f̂(z) =
∫
C
f(w)e−iRe(zw)dλ(w).
We also record the following important fact. The Fourier transform is a
homeomorphism from S onto itself.
As in [10], the fact that a fixed point is harmonic will be a consequence
of the following lemma (see [8]).
Lemma 5 (Weyl’s lemma) Let Ω be a domain in R2 and u a locally in-
tegrable function on Ω verifying∫
C
u(z)∆ϕ(z)dλ(z) = 0
for all ϕ ∈ D(Ω). Then u ∈ C∞(Ω) and u is harmonic.
3 The Berezin transform
Even though we are interested in the Berezin transform of functions in
Lp(C, dλ), we will say a few words about the class of functions for which this
transformation is well defined. This leads to define the probability measure
dν(z) =
L1n−1(|z|2)2
n
dµ(z) =
L1n−1(|z|2)2e−|z|
2
npi
dλ(z)
on the complex plane C. We also introduce translation and translated re-
flexion maps of C as follows
ta : z ∈ C 7→ z + a, φa : z ∈ C 7→ a− z,
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for each a ∈ C. Given f a Lebesgue measurable function on C, the following
conditions are equivalent for all a ∈ C :∫
C
|f(z)||Kn(z, a)|2dµ(z) < +∞ ⇔ f ◦ ta ∈ L1(C, dν) (4)
⇔ f ◦ φa ∈ L1(C, dν).
We let B1 denote the set of measurable functions f , defined on C, satis-
fying (4) for all a ∈ C. The following inclusions are obvious :
L1(C, dλ) ⊂ B1 ⊂ L1(C, dν).
Furthermore, a simple estimate of the kernel Kn yields that for all a ∈ C
and 1 ≤ p < +∞, we have Kn(., a) ∈ Lp(C, dµ). Thus we claim that(
Lp(C, dλ) ⊂
)
Lp(C, dµ) ⊂ B1
for any 1 < p ≤ +∞.
The previous equivalences (4) allow us to define the Berezin transform
of f ∈ B1 as follows :
Bnf(z) = 〈fknz , knz 〉 =
∫
C
f |knz |2dµ =
∫
C
f ◦tzdν =
∫
C
f ◦φzdν, z ∈ C (5)
where equalities follow from a change of variables.
To establish the proof of our main statement, we also express the action
of Bn on an element f ∈ B1 as a convolution over R2 ≃ C. Using the last
equality above, we have
Bnf = f ∗ bn (6)
where
bn(z) =
e−|z|
2
npi
L1n−1(|z|2)2 (7)
for any z ∈ C.
Obviously, bn ∈ S . Recall that S is an algebra under convolution.
Thus observe that the formula (6) implies that S invariant subspace of Bn.
By Minkowski’s inequality, it can be easily checked that Bn is a bounded
operator on Lp(C, dλ) for any 1 ≤ p ≤ +∞. The arguments leading to
Theorem 2 appeal to the following description of the adjoint Bn on L
p(C, dλ)
under the duality Lp(C, dλ)∗ = Lq(C, dλ) for 1 ≤ p < +∞ and 1/p+1/q = 1.
As the next lemma shows this adjoint is nothing other than the operator Bn
on Lq(C, dλ).
Lemma 6 Let 1 ≤ p, q ≤ +∞ satisfy 1/p + 1/q = 1. The for all f ∈
Lp(C, dλ) and g ∈ Lq(C, dλ) we have∫
C
Bnf g dλ =
∫
C
f Bng dλ.
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Proof. Let f ∈ Lp(C, dλ) and g ∈ Lq(C, dλ). Since the Lebesgue measure
λ is invariant under translations, we check that∫
C
∫
C
|f(z)bn(w − z)g(w)|dλ(z)dλ(w) ≤ ||f ||Lp(C,dλ)||bn||L1(C,dλ)||g||Lq(C,dλ)
and the right-hand term is finite. Now, we mention that bn is radial. So
from this and from Fubini’s theorem, it follows that∫
C
Bnf(w)g(w) dλ(w) =
∫
C
∫
C
f(z)bn(w − z)dλ(z)g(w)dλ(w)
=
∫
C
f(z)
∫
C
g(w)bn(z − w)dλ(w)dλ(z)
=
∫
C
f(z)Bng(z)dλ(z).
This completes the proof. 
Since the Berezin transform commutes with both ta and φa, for any
a ∈ C, the next property, well known in the case of classical Bergman and
Fock spaces, is true.
Property 7 Each harmonic function in B1 is invariant under Bn.
Proof. Let u be harmonic in C. Note that due to the fact that knz is a unit
vector in F 2n(C), we have
1 = 〈knz , knz 〉 = Bn1(z) =
2
n
∫ +∞
0
L1n−1(r
2)
2
e−r
2
rdr
where 1 denotes the constant function 1, and so
2
n
∫ +∞
0
L1n−1(r
2)
2
e−r
2
rdr = 1. (8)
Combining this with the mean value property of u, we get
Bnu(0) =
∫
C
u(w)dν(w) =
2
n
∫ +∞
0
u(0)L1n−1(r
2)
2
e−r
2
rdr = u(0).
This provides the desired result since Bn commutes with translations. 
As a consequence, the Berezin transform of a harmonic function (when-
ever it makes sense) is harmonic. Moreover, Theorem 1 says that the con-
verse of Property 7 is also true for functions of Lp(C, dλ).
Since polyharmonic functions generalize harmonic functions in the same
way as polyanalytic functions generalize holomorphic functions (see [3]), one
may ask whether Property 7 still holds if the harmonic hypothesis is replaced
by its generalization.
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Property 8 There exist polyharmonic functions of order m with m ≥ 2 in
B1 which are not fixed by Bn.
Proof. Consider the non-harmonic function f : z ∈ C 7→ |z|2, which is
polyharmonic of order 2. Applying Fubini’s theorem, we have
Bnf(0) =
2
n
∫ +∞
0
r2L1n−1(r
2)
2
e−r
2
rdr.
But the terms on the right had side do not vanish because of the continuity
and the positivity of the integrand. This implies that the property is true. 
4 The Fourier transform of bn
In order to prove our main statement we will need to study the Fourier
transform of the function bn defined in (7). For all z ∈ C,
b̂n(z) =
∫
C
bn(w)e
−iRe(zw)dλ(w).
Theorem 9 For all z ∈ C, we have b̂n(z) = Qn
(
|z|2
4
)
e−
|z|2
4 where Qn is a
real polynomial.
Proof. Fix z ∈ C and use formula (2) for Laguerre polynomials to obtain
b̂n(z) =
1
npi
n−1∑
k,l=0
(
n
k + 1
)(
n
l + 1
)
(−1)k+l
k!l!
∫
C
|w|2(k+l)e−|w|2e−iRe(zw)dλ(w)
=
1
npi
n−1∑
k,l=0
(
n
k + 1
)(
n
l + 1
)
1
k!l!
∆k+l
(∫
C
e−|w|
2
e−iRe(zw)dλ(w)
)
where ∆ = 4 ∂∂ is the usual Laplacian on C. Recognizing the Fourier
transform of a Gaussian function, the last relation can be expressed as
b̂n(z) =
1
n
n−1∑
k,l=0
(
n
k + 1
)(
n
l + 1
)
1
k!l!
∆k+l
(
e−
|z|2
4
)
.
Some calculations show that
∆k
(
e−
|z|2
4
)
= (−1)kk!L0k
( |z|2
4
)
e−
|z|2
4
for all nonnegative integer k with L0k the Laguerre polynomial defined in (2).
This formula can also be seen as a particular case of a more general result
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for Hermite type polynomials (see [12] for example). Therefore the Fourier
transform of bn at z can be expressed as
b̂n(z) = un
( |z|2
4
)
(9)
where un(x) = Qn(x)e
−x and
Qn(x) =
1
n
n−1∑
k,l=0
(
n
k + 1
)(
n
l + 1
)(
k + l
k
)
(−1)k+lL0k+l(x). (10)
This completes the proof of the theorem. 
Now, our focus is put on Qn and un explicitly given in the previous proof.
For this purpose we give an alternative formula of un. Inserting in (10) the
expression of the Laguerre polynomial given by Proposition 4, we obtain
un(x) =
1
n
n−1∑
k,l=0
(
n
k + 1
)(
n
l + 1
)
(−1)k+l
k!l!
∫ +∞
0
e−ttk+lJ0(2
√
xt)dt
=
1
n
∫ +∞
0
e−t
(
L1n−1(t)
)2
J0(2
√
xt)dt. (11)
Lemma 10 Qn(0) = 1.
Proof. By (11) evaluated at x = 0,
Qn(0) =
1
n
∫ +∞
0
e−t
(
L1n−1(t)
)2
dt.
Formula (8) in the proof of Property 7, together with the change of variables
t = r2 yield the result. 
Lemma 11 For all x > 0, |un(x)| < 1.
Proof. Let x > 0. As a consequence of Property 3 of the Bessel function
J0 we have that
e−t
(
L1n−1(t)
)2
|J0(2
√
xt)| < e−t
(
L1n−1(t)
)2
except possibly for a finite number of t. Again, in view of (11), we get∣∣∣∣ 1n
∫ +∞
0
e−t
(
L1n−1(t)
)2
J0(2
√
xt)dt
∣∣∣∣ < 1n
∫ +∞
0
e−t
(
L1n−1(t)
)2
dt
and the proof is complete in view of (8). 
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The end of this section is devoted to the available function Hn defined
on C ≃ R2 by
Hn(z) =
1− b̂n(z)
−|z|2 .
In view of the last two lemmas, the following property is easy to prove.
Property 12 Hn is a non-vanishing function of C∞(R2).
We now prove that the multiplication by 1/Hn maps S into itself.
Lemma 13 1/HnS ⊂ S .
Proof. Let f ∈ S and fix two multi-indexes α, β ∈ N2. Multidimensional
Leibniz’s rule gives that for each x ∈ R2,
∣∣∣∣xα∂β fHn (x)
∣∣∣∣ ≤ β1∑
γ1=0
β2∑
γ2=0
(
β1
γ1
)(
β2
γ2
) ∣∣xα∂β−γf(x)∣∣∣∣∂γ(1/Hn)(x)∣∣.
But for any γ ∈ N2, an induction argument shows that ∂γ(1/Hn) is a quo-
tian of a polynomial of the distributional derivatives of Hn divided by H
|γ|
n
where the notation |γ| means the length γ1 + γ2 of the multi-index. Com-
bining properties of Hn (Property 12) with the rapid decay at infinity of the
Schwartz function f , we conclude that the function x 7→ xα∂β(f/Hn)(x) is
bounded on compacts sets.
Argue similarly for the remaining unbounded region to obtain∣∣∣∣xα∂β fHn (x)
∣∣∣∣ = ∣∣∣∣xα∂β( |.|2f
1− b̂n
)
(x)
∣∣∣∣
≤
β1∑
γ1=0
β2∑
γ2=0
(
β1
γ1
)(
β2
γ2
) ∣∣xα∂β−γ(|.|2f)(x)∣∣∣∣∂γ(1− b̂n)−1(x)∣∣
where ∂γ(1− b̂n)−1 is a polynomial in 1− b̂n and its distributional derivatives
up to γ times (1− b̂n)−|γ|.
Next, observe that b̂n, and all its partial derivatives, are continuous func-
tions of z ∈ C ≃ R2 and have limit 0 as |z| → ∞. Consequently ∂γ(1 − b̂n)
and (1 − b̂n)−|γ| are bounded at infinity for any γ. Again, thanks to the
rapid decay of f , it follows that x 7→ xα∂β(f/Hn)(x) remains bounded at
infinity. The desired result follows at once. 
The lemma above allows us to show as a corollary the last result of this
part.
Corollary 14 ∆S ⊂ (Id−Bn)S .
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Proof. Suppose that f ∈ S . It follows from a simple computation that
∆̂f(z) = −|z|2f̂(z) = (1− b̂n(z)) f̂(z)
Hn(z)
.
Since the Fourier transform is a bijective operator on S , we can apply
Lemma 13 to find a function g ∈ S such that ∆̂f = (1−b̂n)ĝ = ̂(Id−Bn)(g),
using also that the Fourier transform translates between convolution and
multiplication of functions. Since (Id − Bn)S ⊂ S , we obtain the desired
result. 
5 Proof of the main result
We now proceed with the proof of Theorem 1.
Suppose that f ∈ Lp(C, dλ) with Bnf = f . From lemma 6, we have∫
C
f (Bng) dλ =
∫
C
(Bnf) g dλ =
∫
C
f g dλ
for all g ∈ S . Then∫
C
f (Id−Bn)(g) dλ = 0, ∀ g ∈ S .
Therefore ∫
C
f ∆g dλ = 0, ∀ g ∈ S
follows directly from Lemma 14. Thus f is a weak solution of Laplace’s
equation and the desired results follows by applying Weyl’s lemma.
The converse statement of the theorem is a consequence of Property 7.
6 Comments
1. One verifies without difficulty that we might have stated all our results for
the weighted polyanalytic Fock spaces of polyanalytic functions on C which
are square integrable with respect to the weighted Gaussian measure
dµ(z) =
α
pi
e−α|z|
2
dλ(z)
where α is a positive parameter. Indeed the operation that ascribes to each
function f its dilation z 7→ f(√αz) establishes an isomorphism between
F 2n(C) and the weighted polyanalytic Fock spaces with parameter α. Hence
for the sake of convenience, we choose α = 1.
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2. The attempt to extend directly the proof of Proposition 3.27 in [16] to the
polyanalytic case encounter some difficulties. We have not been able to
establish Lipschitz estimate as (3.13) in [16] because the polyanalytic kernel
seems not to be favorable to a semigroup property.
3. As mentioned in [10] the proof of Theorem 1 extends from Lp(C, dλ) to
tempered distribution S ′. Although it is important to note that harmonic
functions are fixed by the Berezin transform but more functions than the
harmonic ones are fixed points. The example due to Engliˇs [10] also provide
in our setting a non harmonic function which is invariant under the Berezin
transform. Given a ∈ C, pick fa : z ∈ C 7→ eaRez. This function satisfies
∆fa = a
2fa ; in particular, it is not harmonic. However carrying out the
calculation for all z ∈ C, we have
Bnfa(z) =
fa(z)
n
n−1∑
k,l=0
(
n
k + 1
)(
n
l + 1
)
(−1)k+l
k!l!
Sk+l(a)
where
Sm(a) =
m∑
j=0
(
m
j
)
I2(m−j)(0)I2j(a)
for a nonnegative integer m and with Ik(a) =
√
pi
−1 ∫
R
xkeax−x
2
dx when
k ∈ N. Proceeding by induction it is not difficult to obtain that there exist
polynomials Pk with the same parity as k such that Ik(a) = Pk(a)e
a2/4.
Thus one can find a polynomial P satisfying Bnfa = P (a
2)ea
2/4fa. Now
owing to [9] pp. 284-285, e−z/4 − P (z) has infinitely many zeros. Let us
choose a to be a square root of a nonzero solution of e−z/4 = P (z) ; this
enables us to conclude that fa is invariant under Bn.
4. The multidimensional case seems a little bit different and we are not able
to use the approach of this article in general. Namely as a consequence of a
recent work of Hachadi and Youssfi (see [11]), the reproducing kernel of the
n-analytic Fock space F 2n(C
d), d ∈ N∗, is given by
Kd,n(z,w) =
d∏
j=1
L1n−1(|zj − wj|2)ezjwj (12)
for all z = (z1, . . . , zd), w = (w1, . . . , wd) ∈ Cd. We also define the Berezin
transform Bd,n as a convolution over R
2d ≃ Cd as soon as it is possible by
Bd,nf = f ∗ bd,n (13)
where
bd,n(z) =
e−|z|
2
(npi)d
d∏
j=1
L1n−1(|zj |2)2 (14)
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for any z ∈ Cd. One can check that the Fourier transform of bd,n can be
expressed for all z = (z1, . . . , zn) ∈ Cd as b̂d,n(z) = e−
|z|2
4
∏d
j=1 Qn
( |zj|2
4
)
where Qn is the polynomial of Theorem 9. But as soon as n ≥ 2 and d ≥ 2,
the function Hd,n defined on C
d by
Hd,n(z) =
1− b̂d,n(z)
−|z|2
is not smooth at the origin so that Lemma 13 fails. Actually, one can show
that ∆S ⊂ (Id−Bd,n)Lq for each q ≥ 2. Therefore, the following turns to
be true.
Theorem 15 Let 1 ≤ p ≤ 2. If f ∈ Lp(Cd, dλd) satisfies Bd,nf = f then
necessarily f is harmonic on Cd.
In view of the kernel formula (1), we do not know if the converse statement
is also true in general. To finish, we make one additional remark regarding
Property 7. The one dimensional case easily generalizes as follows.
Property 16 Complex-valued pluriharmonic functions are invariant under
Bd,n whenever it makes sence.
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